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Abstract 

In this paper we prove that the Kahler-Einstein metrics for a toroidal 
canonical degeneration family of Kahler manifolds with ample canoni- 
cal bundles Gromov-Hausdorff converge to the complete Kahler-Einstein 
metric on the smooth part of the central fiber when the base locus of the 
degeneration family is empty. We also prove the incompleteness of the 
Weil-Peterson metric in this case. 

1 Introduction 

This paper is a sequel of 8 . In algebraic geometry, when discussing the com- 
pactification of the moduli space of complex manifold X with ample canon- 
ical bundle Kx, it is necessary to consider holomorphic degeneration family 
7r : X — > B, where X t = vr _1 (t) are smooth for t ^ 0, X and Xq are Q- 
Gorenstein, such that the canonical bundle of X t for i ^ and the dualizing 
sheaf of X are ample. We will call such degeneration canonical degenera- 
tion. We are interested in studying the degeneration behavior of the family of 
Kahler-Einstein metrics gt on X t when t approaches 0. Following his seminal 
proof of Calabi conjecture ([El), Yau (^J) initiated the program of studying 
the application of Kahler-Einstein metrics to algebraic geometry with the belief 
that the behavior of Kahler-Einstein metrics should reflect the topological, ge- 
ometric and algebraic structure of the underlying complex algebraic manifolds. 
According to this philosophy, one would expect the metric degeneration of the 
Kahler-Einstein manifolds to be closely related to the algebraic degeneration of 
the underlying algebraic manifolds. In Tian made the first important con- 
tribution along this direction. He proved that the Kahler-Einstein metrics on 
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X t converge to the complete Cheng- Yau Kahler-Einstein metric on the smooth 
part of X in the sense of Cheeger-Gromov, when X is smooth and the cen- 
tral fibre Xq is the union of smooth normal crossing divisors D%, ■ ■ ■ , Dl, with a 
technical restriction that no three divisors have common intersection. Following 
the general framework in Tian's paper (|H]), 0] and later [5] studied the general 
normal crossing case and removed the technical restriction in [§] . 

In this paper, we generalize the result in [5] to the case when the central fibre Xo 
is a union of toroidal orbifolds that results from the so-called toroidal canonical 
degeneration of smooth X t (see section 2 for definitions). The total space X for 
this kind of degeneration will be toroidal and generally not smooth. Please note 
that a toroidal canonical degeneration, where Xq is not normal crossing in X, 
can not be reduced to a normal crossing canonical degeneration. The normal 
crossing case is a very special case of toroidal canonical degeneration. For alge- 
braic curve, a toroidal canonical degeneration is equivalent to Deligne-Mumford 
stable degeneration into stable curves. 

In this paper, we always require an algebraic variety X to possess a (set- 
theoretical) canonical (Whitney) stratification X = D p by smooth al- 

gebraic strata. By "canonical" we mean that any other (Whitney) stratification 
X = D' p , by smooth strata is a refinement of the canonical (Whitney) 

p'se' 

stratification. More precisely, we have D' p , C D p when D' , n D p ^ 0. For 
example, the toroidal varieties defined in section 2 satisfy such requirement. 

The degeneration family is called base point free if each smooth strata of Xo 
is inside a smooth strata of X. The smoothness condition of X when Xo is nor- 
mal crossing is equivalent to requiring the degeneration family to be base point 
free. In some sense, toroidal canonical degenerations that we consider in this 
paper are generic base point free canonical degenerations. (Toroidal canonical 
degenerations and related concepts and constructions are discussed in section 2.) 

Our first main theorem (proved in section 5) is the following. 

Theorem 1.1 Let tt : X — > B be a toroidal canonical degeneration of Kahler- 
Einstein manifolds {X t ,gE,t} with Ric(<?£,t) = —gE.t- Then the Kahler-Einstein 
metrics gE,t on X t converge in the sense of Cheeger-Gromov to a complete 
Cheng-Yau Kahler-Einstein metric gE.o on the smooth part of the canonical 
limit X' a (which is a finite cover of the central fibre Xo). 

To prove this theorem, we follow the three steps outlined in [H] . The first step is 
to construct certain smooth family of background Kahler metrics gt on X t and 
their Kahler potential volume forms Vt ■ The second step is to construct a smooth 
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family of approximate Kahler metrics gt with Kahler form uj t — — ddlogVt, 

where Vt = hVt (h is a function on X) satisfies certain uniform estimate inde- 
pendent of t. The third step is to use Monge- Ampere estimate of Aubin (pQ) and 
Yau f |13p to derive uniform estimate (independent of t) for the smooth family 
of Kahler-Einstein metrics gE,t, starting with the smooth family of approximate 
Kahler metric gt, which is enough to ensure the Gromov-Hausdorff convergence 
of the family to the unique complete Kahler-Einstein metric gE,o = {go,i}\ = i on 
the smooth part of Xq. The first and the third steps are carried out in the very 
brief sections 3 and 5 and are virtually the same as in the normal crossing case 
The second step, carried out in section 4, is more involved than the simple 
global construction in [5|. 

The following similar but much more non-trivial (comparing to |8]) estimate of 
the Weil-Peterson metric near the degeneration, which implies the incomplete- 
ness of the Weil-Peterson metric, is worked out in section 6. 

Theorem 1.2 The restriction of the Weil-Peterson metric on the moduli space 
of complex structures to the toroidal canonical degeneration it : X — > B is 

bounded from above by a constant multiple of . In particular, Weil- 

|log|<|| 3 |i| 2 

Peterson metric is incomplete at t = 0. 



Note on notation: We say A ~ B if there exist constants C\,Ci > such 
that CiB < A < C 2 B. 



2 Toroidal canonical degeneration 

In this section we introduce the concepts of toric degeneration and toroidal de- 
generation, and discuss the details of relevant stratification structures and the 
construction of compatible partition functions that we need for the construction 
of approximate metrics in section 4. 

2.1 Toric degenerations 

(Unless specified otherwise, the notations in this subsection will not be carried 
over to other parts of this paper.) 

Let us first introduce the basic notions in toric geometry. An (n-l-l)-dimensional 
affine toric variety A ao is determined by a strongly convex (n + l)-dimensional 
integral polyhedral cone <7o in a rank n + 1 lattice M. Let ao(fc) denote the set 
of fc-dimensional subfaces of gq. Then corresponds to toric Weil divisors 

cro(ri) hi A aa , and co(l) corresponds to toric Cartier divisors {(/i)}ieo- (i) 
in A ao . For i 6 co(l), 
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(/») = a v D h 

j£<J (n) 

where csjj is the natural pairing of the primitive elements in i G cro(l) and 
j G (Tq (1) = (To(")- ctq denotes the dual cone of <tq- 

A toric map ir : X — > B = C is called a toric degeneration, if X = A ao is an 
affine toric variety such that X \ Xq is the big open torus. Consequently A t for 
t ^ are codimension one subtori in X\X§. A toric degeneration is determined 
by a strongly convex integral polyhedral cone uoCM with a marked primitive 
clement t in the interior of the cone 1$. Under such notation, the central fibre 
is 

X = D= |J A- 

i€cr (n) 

Let M = M/Z{t}. Since t is in the interior of ao, the projection of Co to M de- 
termine a complete fan E on M. Splittings M = M x Z{£} can be parametrized 
(non-canonically) by Z- valued linear functions on M. Each such splitting real- 
izes Co as a Q-valued function w ao on the lattice M. In such a way, CTo can be 
understood as an equivalence class [w aa ] (modulo Z- valued linear functions) of 
convex piecewise linear Q- valued functions on the lattice M that are compatible 
with a complete fan £ in M . Let E(fc) denote the set of fc-dimensional cones in 
£. Naturally E(fc) = cro(fc) for 1 < k < n. We will use a G cto(A;) to denote the 
cone corresponding to a G £(&). 

For each a G E, there is an affine variety A CT = Spec(C[cr]). For a, a' G E 
satisfying a G cr' , there is a natural semi-group morphism cr' — > cr that restricts 
to identity map on cr C cr' and restricts to zero map on cr' \ cr, which induces 
the map n aa i : A a — > Using {/wjow'es, we may glue the affine pieces 

{^Wl^es into the singular variety As- We have the following natural canonical 
(Whitney) stratification 

A E = (J T CT , where T ff = (Span z a) v ® z C* - (M v /a ± ) ® z C*. (2.1) 

In such a way, E determines a singular variety As that is mirror dual to the 
usual toric variety Ps in certain sense. 

For cr G E, the natural injection a a over Z induce a cover map p a : A„ — ► Ag- 
and subsequently q a = h^ aQ o p a : A a — ► = X. It is easy to check that p a , 
q a for cr G E glue together to form the maps ps : As — > A , c/s : As — ► Af. 

Recall that a complex torus has a canonical toric holomorphic volume form, 
and consequently a canonical real toric volume form. Via this toric holomor- 
phic volume form on the complex torus X \ Aq, the dualizing sheaf Kx can be 
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naturally identified with Ox (-D). We call tt simple when each divisor Di is of 
multiplicity one under tt. Then the Cartier divisor (t) — D, and the dualizing 
sheaf Kx is a line bundle. 

Proposition 2.1 A toric degeneration tt : X — > B = C is simple if and only 
if [wa-g] is It-valued on M if and only if : Xs — > X is an imbedding (or 
equivalently, p^ : Xs — ► -Xo is arc isomorphism) . 

Proof: For cf G cro(rc), it is straightforward to check that the multiplicity of t 
along D a is |(Span z <7)/(Span z cr)|. Consequently, tt is simple if and only if for 
each a G E(n), the natural injection a a over Z is bijection (which amounts 
to that [w ao ] is Z- valued on a) if and only if p @ : Ao- — > is an isomorphism 
for each cr € E(n). These local results together imply the proposition. ■ 

Proposition 2.2 For a toric degeneration it : X — > _B = C, let d be the small- 
est positive integer so that d[w aa \ is 1-valued. Then the canonical d 1 -fold base 
extension tt' : X' — > B' is a simple toric degeneration if and only if d\d' . 

Proof: It is easy to see that the canonical cf-fold base extension tt' : X' — > B' 
is determined by d'o~o C M. Since [wd' CT0 ] = d'[u> CT0 ] is Z- valued if and only if 
d\d', by proposition 12. II we get the desired conclusion. ■ 

Remark: Propositions 12.11 and 12.21 are wellknown. (A special case of propo- 
sition 12.21 where E is simplicial fan, was proved and used in the proof of the 
semistable reduction theorem in [H] by Mumford and Knudsen.) We provide 
simple proofs of them here for the convenience of the readers. 

E(l) can be equivalently interpreted as the set of primitive generating elements 
of 1-dimensional cones in E. The piecewise linear function w ao is determined 
by {w m }meE(i)! with w m = w ao (m) 6 Q for m G E(l). The toric degenera- 
tion family can be equivalently characterized by the following family of toric 
immersions: 

it : N C , -> d^l 

defined as {t Wm z m } mem) , where N = M v and N c * = (N ® z C)/N. We are 
also interested in generalized toric degenerations, where w m G M are not neces- 
sarily rational. 

Example: The simplest toric degenerations that are not normal crossing are: 

(1) X t = {z G C 4 |ziZ2 = 23Z4 = t} (product of normal crossing degenerations). 

(2) X t = {z G C 4 |ziz 2 = t, Z3Z4 = tz x }. * 

Remark: A priori, the piecewise linear function / generated by {wmlmeEfi) 
need not be convex. Then we may take the largest convex function / < /. The 
piecewise linear convex function / will be generated by {w m } me jnj) where E(l) 
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is a subset of E(l). There is a natural projection P : C' 1 ^ 1 ) -^C' S W. It is easy 
to check that P induces an equivalence between the toric degeneration families 
determined by toric embeddings it and it = P o it- Therefore, we only need to 
consider the case when / is convex. For / generic, the fan it determines is a 
simplicial fan. Namely the toric divisors are all toric orbifolds. 

2.2 Toroidal degenerations 

A holomorphic degeneration tt : X — > B = {t e C : |i| < 1} is called a toroidal 
degeneration if it is locally toric. Let 

n n 

x o = \J A k) = D = U d p' x o k) = U d p> s = U ^ ( 2 - 2 ) 

fe=0 pGS pGE(fe) k=0 

be the canonical stratification for Xq, with {D p } p ^ parametrizing all the strata 

(k) 

and Xq denoting the union of all fc-dimensional strata, tt is called simple if 
each divisor D p is of multiplicity 1 under tt for p £ S(n). Propositions 12.11 and 
12. 21 imply the following generalization to toroidal case. 

Proposition 2.3 For a toroidal degeneration tt : X — > B, there exists an inte- 
ger d > such that the canonical d'-fold base extension tt' : X' — > B' is a simple 
toroidal degeneration if and only if d\d' . Xq (which will be called the canoni- 
cal limit ) is independent of d! satisfying d\d' with the natural finite cover map 

Xq — > Xq ■ 

Proof: Since e?'-fold base extension is canonical and local, the d > here can 
be taken to be the lowest common multiple of the c?'s specified in proposition 
12.21 for all local toric models. When d\d' , namely tt' is simple, proposition 12. II 
implies that Xq restricted to each local toric model can be identified with Xy, 
in proposition 12. II therefore is canonical and independent of d! . ■ 

Through proposition 12.31 all discussions for toroidal degeneration can be re- 
duced to discussions for simple toroidal degeneration via base extension. For 
this reason, we will always assume that tt is simple. Consequently, the dualizing 
sheaf Kx is a line bundle. For generic such degeneration tt, the Weil divisors 
D p for p G S(n) are toroidal orbifolds. Without loss of generality and for 
simplicity of notations, we will also assume that each D p does not self- intersect. 

Choose a suitable tubular neighborhood U p of D p for each pgS such that for 
any p±,P2 G S, we have 

Upi riU P2 c IJ u q . 

qeT,,D q eD P1 r\D P2 
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For each p £ £, we can construct a tubular neighborhood U p of D p as U p minus 
the union of divisors D q for q E E(n) satisfying D p <f_ D q . We will also need 

Up C Up defined as U p minus the union of (slightly shrunk) U q for q E S(n) 
satisfying D p E\D q . Let D° = D p nU°. Since 

pes pes 

forms a neighborhood of X that contains X t for t small, many of our discussions 
on X t can be reduced locally to either U p (~l X t or £/ p n X t for p E S. Notice 
that for any pi,p2 £ S, we also have 

t/ P1 nc/ P2 c (J c/ 9 , i/ p °nc£c (J t/°. 

<?eE,n,eZ5 P1 nr> P2 <iies,_D g eD P1 n_Dp 2 

Locally, t/ p = A p x £> p and J7 p = A p x D p . A p is a neighborhood of the origin 
of the affine toric local model determined by the fan £ p and the integral convex 
function {w m }mes p (i) (notation as in 2.1). Let \p\ := dimD p and I = n — \p\. 
S p (Z) (which can be naturally identified with a subset of corresponds to 

toroidal Weil divisors {D q r\U p } qe ^ p ^- jC Y 1 ( n ) in U p . S P (1) corresponds to toroidal 
Cartier divisors {(s m )} m es p (i) in U p containing D p . We may choose local coor- 
dinate (t, z, z) for Up, z = (z\, • • • , zi), z = (zi+i, • • • , z n ), so that s m = t Wm z m , 
(t, z) and z form coordinates for A p and D p . (z, z) can be considered as coor- 
dinate for X t Pi U p . For m E £ p (l), s m can be viewed as a section of a line 
bundle on ?7 P that defines the Cartier divisor. One can choose a Hermitian 
metric || • || m on the line bundle over Up such that ||s m || m < 1 and ||s m || m = 1 
outside a small neighborhood of the Cartier divisor (s m ). More precisely, we 
require that ||s m || m = 1 on U q for q E S when s m is nonvanishing on D q . 

For p,5 e S satisfying D q C D p , Cartier divisors in U p can be naturally ex- 
tended to certain Q-Cartier divisors in U q that can be expressed by the natural 
injective map e pq : S p (l) — > S 9 (l). By suitably adjusting the Hermitian metric 
of the line bundle, form G S p (l), we may assume that ||s m || m = ||s epg (m) lle p ,(m) 
in the common domain UpP\U q . It is easy to check that e pq ' — e qq ioe pq for q' E S 
satisfying D q > C D q . Therefore the Cartier divisor (s m ) in Up for m E S p (l) 
naturally extends to the Q-Cartier divisor (still denoted by (s m )) in U p . \\s m \\ m 
for m E S p (l) can similarly be extended from Up to U p . 

Let Y,p(1) denote the set of q E T,(\p\ + 1) satisfying D q C D p . For q E S p (l), 
Dp can be naturally identified with an element [D p ] E ^ q (\q\ — \p\) — S 9 (l), 
which can also be viewed as a Cartier divisor s q in U p supported in U P \U P . 
T,p = S p (l) U S p (l) (rcsp. S p (l)) can be characterized as the set of Cartier 
divisors on U p whose defining functions are not identically zero (resp. nowhere 
zero) on Xq (~l U p . 
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A (holomorphic) volume form on U p \ D is called toroidal if its pullback 
to the local toric model differ from the standard toric (holomorphic) volume 
form by a bounded nowhere zero (holomorphic) factor on U p . By examining 
the holomorphic toric volume form, it is easy to see that a holomorphic toroidal 
volume form on X \ D can be naturally identified with a nowhere zero holomor- 
phic section of Kx{D), or in another word, a meromorphic section of Kx with 
a pole of order 1 along D. 



2.3 Partition functions 

Let n(x) be a smooth increasing function on R with bounded derivatives sat- 
isfying /i(x) ~ for x < and [i(x) = 1 for x > 1. Let min'(a;i, • • ■ , xi) be a 
smooth function with bounded derivatives that coincides with min(xi, • ■ • ,xi) 
when min(|a;i — Xj |) > 1. (In another word, min'(xi, ■ • ■ , xi) is a smoothing of 

min(a;i, • • ■ , xi) with bounded derivatives.) 

For each p £ £ and 7/ > large, we may define the smooth function 

^ = ( log(r/77 2 ) mhl ' ({keKiAMmeE^i) » {log(r/a m J])} meSP(1) )j , 
where r = —\og\t\ 2 and a m = 77 — log||s m ||^. These will give us the par- 

I v 1 

tition functions {/i p } p es, where /Lt p = jl p I /} p . We generally have 

W / 

Dp C supp(/i p ) C Up. The condition on || • || m implies that 

U° n supp(/z g ) = when D p ^ 5,. (2.3) 



3 Construction of the background metric 

For construction in this section to work, it is necessary to assume that the 
dualizing line bundle Kx of the total space X exists and is ample, which is 
valid in our situation. (The construction in this section is partially inspired by 
our work ([7]) on Bergmann metrics.) Recall that K x /b — Kx <8> K^ 1 and 
Kx t = Kx/b\x ± — Kx\x t - (The last equivalence is not canonical, depending 
on the trivialization Kb — Ob- We will use dt to fix the trivialization of Kb-) 
Since Kx t is ample for all t, certain multiple K™ will be very ample for all t. 
Equivalently, K% is very ample on X. It is not hard to find sections {&>k}k=o 
of K 1 ^ that determine an embedding e : X — > CP^" 1 , such that {^t,k\k=o forms 
a basis of H°(K Xt ) for all t, where Ot, k = (fi*, ® (#)~ m )k«- {4,fe}£* will 
determine a family of embedding e* : — » CP^'™ such that et = e|x t - Choose 
the Fubini-Study metric cjfs on CP^™, and define 
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w = — e wfs, w t = uj\x t = —e t uj FS - 
m m 



Since K™ is very ample on X, tit is a smooth metric on A\ The Kahler potential 
of <2) and u> t are the logarithm of the volume forms 



'N m \ m /N„ 



V = I ^2 Q k ® ttk\ , and V t = I ^ fi t)fc ® fi t)fc = V - <g> (di <8> df) 1 

\fe=0 / \fe=0 / 

Since K 1 ^ is ample and therefore base point free, V is a non-degenerate smooth 

V 

volume form on X. Recall it) = D. Hence — — is a toroidal volume form on X. 
dt 

On the other hand, — is the standard toric holomorphic form on B. Therefore, 

i 



v t = (^nt,fc®nt,fe =v®{dt®dt)- 1 



\fe=0 / 

is also toroidal, namely 

l 



V 


(dt 


dt\ 






5 t) 



\3 : 




T> t ^p(M,5)(n%#i i n p- 1 ) 



under the coordinate (z, z) for X t n U p , where p(t, z, z) ~ 1 is a smooth positive 
function on [7 p . 

Since e : X — > CP^"* is an embedding, locally in U p , there exists a decomposition 
e = eoz Sp , where i Ep = (s Sp ,z) : <Y -► C^WI+H and e : Cl s »«l+lp| -» CP^™ 
are smooth embeddings and s Sp = (s TO ) me s p (i)- Therefore 

w = J mm '(ss p , z)ds m ds m , + (terms involving dz, dz). (3.2) 

m,m'eS p (l) 

4 Construction of the approximate metric 

The approximate metric is constructed by gluing together appropriate metrics 
on the neighborhood of each strata by the partition functions constructed in 2.3. 



For p £ S and m G in ?7 p , define 

^ = ,2(1^(1)1-0 TJ J?l = log || Sm ||L r=-log|t| 2 . 
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On Xt, let Vt = hVt, where log h = fj, p \ogh p , and let 

pes 



% — % — 

uj t = — <9<91og V t =uj t + —ddlogh — u) t + j t + at, 

Z7T Z7T 



where 



at = ^ Hpat, P , a t , P = — } -^-da m da m , 
' 7r ad, 

pes roGE * m 

7t = ^/i p ^2 — Ric (l|-Ilm)+— ^2{\og h p ddfi p +d log h p dn p +dn p d log h p ). 

CL<m ^iTT 

pes mes p (i) pes 

The main result of this section is the estimate (Proposition 14. 51 and Proposition 
I4.6fl on the approximate Kahler metric gt with the Kahler form Lo t on X t . 

Since £ p is a simplicial fan, a G £ p (0 naturally corresponds to a subset S a C 
S p (l) with Z elements. 

Proposition 4.1 There exist Ai,A2 > such that log||s m ||^, > A2 log |t| on 

U° for all to G £ p (l). And for any x 6 Z7°, = {m 6 S p (l)| log ||s m (a;)|| 2 > 
Ai log |t| 2 } C S a for some a G S p (i). 

Proof: Since log ((smH^ = log|s m | 2 + 0(1), where \s m \ is the absolute value 
of s m viewed as monomial in the toric local model, it is sufficient to prove the 
proposition for log|s m | 2 in place of log HsmH^. For to G K p (l), there exists 
a G S p (Z) such that — m belongs to the cone spanned by S a . Namely 

m = - 2J b m im', 

m'eScr 

where 6 m » > for all m' G Therefore 

log\s m \ 2 =w m log\t\ 2 + log\z m \ 2 = w m log\t\ 2 - Y, b m 'log\z m '\ 2 

m'eSer 

lf m 1 " ''-'^ /n' I 

m'e5 CT m'e5 CT 
m'eSer 

We may take A2 to be the maximum of such (w m + Xwes b m iw m i). 

Take a subset S' C S such that S" span a simplicial cone and S' <jt S a for any 

lo Is I 2 

cr G S P (Z). There exists a linear function u m on M such that v m = < Ai 

for togS" and \v m \ < C\ x for to G S p (l) \ S'. Then 



) log l*| 2 Y b m'l0g\s r 

n'eScr m'eSt, 

>(w m + Y b m'W m >)l0g\t\ 
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, _ log|s m |^ _ log|z"T 

™ m ~ log|i| 2 log |t| 2 Vm 

is an adjustment of w m by a linear function on M, such that u>^ = for m G 5". 
Since 5' 2! 5 CT for any a G E P (Z). The strict convexity of {WmjmfSpii) implies 
that there exists an m' £ E p (l) \ S' such that w' m , < is the smallest. Take A3 
to be the maximum of such w' rn , < for all possible S , which have only finite 
many possibilities. Then A3 < and 

lo g|sm'| 2 , , ^ \ t r<\ 

— r-75- = W , + V m ' < A3 + CAi. 

log |t| 2 

We may take Ai > to be small so that A3 + CAi < 0. Then |s m '| 2 has to 
be big, contradicting the fact that |s m '| 2 is small in U p . Therefore, S C S a for 
some tr 6 ■ 



Lemma 4.1 

7t = 0(ut/v) +0((u> t +a t )/logr), where r = -log|t| 2 . 

Proof: In the argument of this paper, we will always first fix r\ > large and 
then take r large according to the fixed r\. By our construction, a rn > r\ is large. 
Hence 

£> p £ Amc(H| m )=0(a; t /»7). 
pes mes p (i) a ™ 

For any a; G A^, there exist a <? G E such that x G AQ n f7°. Since 

pes pes 

We have 

^2 lo S hpddfip = y^(log h p - log hg)dd^ p . 
pes pes 

Since £/° fl supp(^ p ) = when D q <£_ D p according to l|2.3|) . we may consider 
only those p G E satisfying Z? g C -D p . Then there are the natural inclusions 
E«(l) C E p (l), E p (l) C E,(l) and the Cartier divisors in EP(1)\E« , (1) vanishing 
along D q can be naturally identified with a subset of E p (l) \ E g (l). Under such 
identifications E| n E? is defined. For any m G Ep 1 \ E«, (s m ) fl D, = U. 
Consequently, ||s m ||m = 1 and a m = r\ on f/ g for to G Ep 1 \ E|. Hence 

\oghp -\ogh q = 2 V log — 

mes'\s£ ' 
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is bounded on supp(/^ p ) C\U q C U p CMJ q . From the explicit expressions of \x p and 
h p , it is straightforward to check that ddfi p — 0(l/logr), d\ogh p = 0(1) and 
d/j, p = 0(l/logr) with respect to the Hermitian metric u> t + a t - (Such kind of 
verification is more carefully done in the proof of proposition 14.41 using l)4.1[l .) 
Consequently -y t = O{0i t /rj) + 0((uj t + a t )/\ogr). ■ 

For a G S (Z), let A a (x) = min a m (x) and 

F m£E p (l)\S„ 

f/ p ° CT - C/ pff n U°, U pa = {xe U p \A a (x) > A a i (x) for a' e E p (i)}. 
Then the proposition 14. II implies that > X%t > for a; € and 

Proposition 4.2 For t small enough, we have 

x t nu%= U x t rw° ff) 

and a*, - (log |i| 2 ) 2 in for m e E(l) \ S ff . ■ 

For S a = {nil, ■ ■ ■ ,mi}, on J7 p(T , we may choose coordinate z = {zk} l k=1 = 
{s„ lk } l k=1 . By adjusting the convex function w = {in m }m65; p (i) by linear func- 
tion, we may assume that w m = for m e S a and w TO > for m 6 E p (l) \ 
Then we have s m = t Wm z m , where m = {m k } k=1 also denotes the coordinate 
of m with respect to the basis {mk} l k=1 . It is easy to see that this coordinate z 
is a special case of the toroidal coordinate z defined in section 2. Let 

7r at, 
meS a m 

Proposition 4.3 

a pa < a < C{w)ot pa 
along z direction in U p!J . Consequently, 

Proof: By the definition of U pc7 , clearly a pa < a < C(w)a pa along z direction 
in U pa . Therefore aj t ~ tD* + at ~ cDf + at, pCT according to lemma l4~Tl Since 
= 0. In X t n [/"„, we have 

According to formula H3.1(l , 
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v t = P (z) ( ri ^ i ( n 



3 

3 =l + l 



Hence 



«s?-«aou~ [ n ^fm n ~ n % 

K mes 3 " m / \j=l+i / \™eS p "™ 



Notice that V t = /iVt is the Kahler potential of cu t . Assume 
Proposition 4.4 |</> t is bounded independent oft. 

Proof: According to proposition 14.21 it is sufficient to verify in each Up a f) X t 
for p £ £ and a € Proposition 14. 31 implies that 



Vt 



per 



Therefore \(f>t \ is bounded independent of t. ■ 

Let g t denote the Kahler metric corresponding to the Kahler form oj t , then we 
have 



Proposition 4.5 The curvature of gt and its derivatives are all uniformly bounded 
with respect to t. 

Proof: On a Riemannian manifold (M,g), we call a basis {vi} proper if the 
corresponding metric matrix satisfies Ci(&y) < (gij) < C2(6ij) for Ci,C2 > 0. 
To verify that the curvature of the Riemannian metric g and all its covariant 
derivatives are bounded, it is sufficient to find a proper basis {vi} satisfying that 
the coefficients of [vi,Vj] with respect to the basis {v^ and all their derivatives 
with respect to {v^ are bounded, such that g^ and all their derivatives with 
respect to {vi} are bounded. 

According to proposition 14.21 it is sufficient to verify in each U® a (~1 X t . Let 

d d 
Wj = a mj Zj— — for 1 < j < I and Wj — — for I + 1 < j < n. According 

ozj ozj 

to proposition 14.31 it is straightforward to check that the basis {Wj, Wj}™ =1 is 
proper in U° H Xt. Namely Ci(<5 y -) < (g^) < C-i{5ij) for some C\,C2 > 0, 
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where (gfj) denotes the metric matrix with respect to the basis {Wj,Wj}™ =l . 
(For the upper bound estimate, we need — — - to be bounded for 1 < j < I and 
m G S/(l) \ Si, which is due to our restriction to U®.) 

Forl<j<Z, ||s m .||2 . = Pj \zj\ 2 . 



W k {a mj ) 



W k [\\s mj \\ 2 m .) _ WkjPj) ^(|z 3 | 2 ) 
11 - 112 Pi ' 



W k (a mj ) = a mh (z k + S kj ) for 1 < k < I. 



W fe (a m .) = for I + 1 < k < n. 

dz k 



The functions 

1 



a,, 



s m P(a), s m P(a), z P{a m] ), ZjP(a mj ), 



a mj log t a m 

— , i fTToJ for m G S p 1) \ Sv, 1 < j < I. 

a m a m log \t\ 2 



(4.1) 



are all bounded in Up a C\X t , where P(a) is a polynomial on ({a mj }' =1 , logi) and 
P(a m ) is a polynomial on a m -. Above computations imply that the derivatives 
of functions in (|4.1|) with respect to {Wj, Wj}™ =1 are smooth functions of terms 
in (|4.1|) and other smooth bounded terms. Therefore they are bounded. 

It is straightforward to check that gq and the coefficients of [Wj, Wk], [Wj, Wk], 
[Wj,Wk] with respect to the basis {Wj,Wj}™ =1 are all smooth functions of 
terms in (|4. 1|) and other bounded smooth terms. Consequently, any derivatives 
of theirs with respect to {Wj, Wj}™ =1 are also smooth functions of terms in (|4.1|l 
and other bounded terms, therefore, are all bounded. ■ 



Proposition 4.6 For any k, \\4>t\\c k .g t * s uniformly bounded with respect to t. 



Proof: Similar as in the proof of the previous proposition, in U® a D X t , it 
is straightforward to check according to proposition 14.41 and the explicit ex- 
pression of <pt that 4>t is a bounded smooth function of terms in l|4.1|) and other 
smooth bounded terms. Consequently, all multi-derivatives of (f>t with respect to 
{Wj, Wj} r j =1 are smooth functions of terms in (|4.1() and other smooth bounded 
terms. Therefore they are bounded. ■ 
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5 Construction of Kahler-Einstein metric via com- 
plex Monge- Ampere 

In this section, we will use the same notions as in the previous sections. In [3], 
using the Monge-Ampere estimate of Aubin and Yau, Tian essentially proved 
the following. 

Theorem 5.1 (Tian) Assume that (f> t , the curvature of gt and their multi- 
derivatives are all bounded uniformly independent oft, then the Kahler-Einstein 
metric gE.t on X t will converge to the complete Cheng-Yau Kahler-Einstein 
metric gE,o on Xq \ Sing(Ao) in the sense of Cheeger-Gromov: there are an 
exhaustion of compact subsets Fp C Xq \ Sing(Ao) and diffeomorphisms ipp,t 
from Fp into X t satisfying: 

oc 

(1) X t \ 4'(3,t(Fp) consists of finite union of submanifolds of real codimension 

0=1 

i; 

(2) for each fixed [3, ip^ t gE,t converge to gE,o on Fp in C k -topology on the space 
of Riemannian metrics as t goes to for any k. ■ 

Proof of theorem 11.11 Proposition 12. 31 reduces the theorem to the case that 
7r : X — > B is simple, which is a direct corollary of theorem l5.1l and propositions 
IQ1IP1P1 ■ 

It is easy to see that our construction actually implies the following asymptotic 
description of the family of Kahler-Einstein metrics. 

Theorem 5.2 Kahler-Einstein metric gE,t on X t is uniformly quasi-isometric 
to the explicit approximate metric gt- More precisely, there exist constants 
C\,Ci > independent oft such that C\gt < gE,t < C^gt- 

Proof: The uniform C°-estimate of the complex Monge-Ampere equations im- 
plies that Ciw™ < lo e t < C2OJ1 for some C\, C2 > 0. The uniform C 2 -estimate 
of the complex Monge-Ampere equations implies that Tr gt gE.t is uniformly 
bounded from above. Combining these two estimates, we get our conclusion. ■ 



6 Weil-Peterson metric near degeneration 

In this section, we will start with the discussion of the toric case, which is of 
independent interest and the estimate is more precise. Then we will proceed to 
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the global toroidal case. 



6.1 the toric case 

Note: The notations in this subsection are the same as in subsection 2.1. Un- 
less specified otherwise, the notations in this section will not be carried over to 
other parts of this paper. 

Example: Consider a toric degeneration ir : X — > B = C determined by a 
complete fan E in M and an integral piecewise linear convex function determined 
by {w m }me'£(i)- For i G S(n) assume w m = for m G Si and w m > for 
m G S(l) \ Si. With Si = {mi, - ■ ■ ,m n } and toric coordinate Zj — s mj for 
1 < j < n, we have 

i efej A dz~j i <ism A ds m 



^^|z,f(log|z,f)2 ^ me ^ s J Sm |2 (log | Sm | 2) 2- 



Let 



W 



Vlogi 
|Vlogt| 2 ' 



7r*iy = t— and i(W)u;|x t = for all t. Let aj — log j^j 2 and a m — log |s Ti 



then cW|x t is a natural representative of Kodaira-Spencer deformation class in 
the Dolbeaut cohomology H 1 (Tx t ). W can also be determined by the conditions 
d_ 

dt 

for m G E(l) \ Si. We will use p = 1 + 0(aj/a m ) to denote a bounded smooth 
function on aj/a m for 1 < j < n, m G E(l) \ Sj. (Here 0(aj/a m ) is a shorthand 
for 0{aj/a mi 1 < j < n, m G S(l) \ Si).) It is straightforward to derive that 

i da,j dak 
uj t = u\x t = - > A , 

+ a.,a fe O ( -5- ) , = <5jfc + a 3 a k O ( \- 



'Jjk = °jk -1- Uja k (J — I , £T = Ojfe -1- aju k v I — 

V a m / V a rr 

n . ( * \ " -tt dz. Adfj ( 1 \ ™ da,- A d#j 

' ; "" - ; 11 „2 ■ 2 /'II- 



^ ;=i wi w £i s- 



2 



Lemma 6.1 

,2 



(9 Q- 5 



J=l m€E(l)\Sj 
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Proof: Since n*W — t—, we may assume that W = t 

at 

i(W)ui\x t = implies that 

ds r , 



9l + 2^^d-z 

3 = 1 



meS(l)\S, 



E 



dzj 



E E 



dSr 



qjm J 



= 0. 



J = l 3 j m£S(l)\Sii=l 



Consequently, qj 



w m m 3 —p. 

me£(i)\Si 



Define F = a = (ai, ■ ■ ■ ,a n ) : X — > R™. Let ^(x) = min a m (a;). For 

m£S(l)\Si 

?7 > 0, consider the domain J7i. r) = {ir G [/JA^x) > for i' G where 

= {x G A"|a m (x) > r\ for m G S(l)}. Notice that proposition ^. II implies that 
Ai(x) > Air > for x G It is easy to observe that there exist c' > c > 

such that [?7, ct]" C F(Xt D Ui, v ) C [rj, dr\ n . For u>t and W as in the previous 
example, we have 



Proposition 6.1 There exists a constant Ci„ > 0, such that 



\\8wfu? 



x t nu iiV 



Ci, n + 0(r~ 1 log r) 



UJ, 



| log I i 1 2 1 3 

Proof: We may compute the volume of X t D Ui :Tj . 



= ™ !2 '" / P 
x t nu i:V JF(X t nU iir} ) " x a ] 



n , n 7 



da. 



n!2" 



(1 + CKr" 1 logr)) = —-(1 + Oir- 1 logr)) 



Notice 



p^Saj + —O 
ai " z 



It is straightforward to compute 



E ^m"m?d h- p 



mGS(l)\Si \ " 

According to lemma HTT1 we have 



E 



w m m J 



meE(l)\Sj 
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dW = 



= -E E w - m3 ~ d [^k p ) z ^ 



= 1 m€E(l)\Si 



= 1 



E 



w m m? 



m€S(l)\S 4 



JF(x t nUi, n ) j=1 



w m m j 



E „. 

meS(l)\S; m 



n 

||^|| 2 =^4a> 

/ \\dW\\ 2 uj? = n\2' 

Jx t nUi, v 

For each j, let 

^,°,J7 = {«er|j)< Oj < Cj-r, r/ < Oj/ < cr, for / ^ j}. 

L>4, = {a £ F(X t n C/^)|ry < ay < cr, for / + j}, \J%. q = F(X t n tf i>rj ) \ ^ 
It is straightforward to derive that 

9. 

i U.~4' = 

^ n ^ 

n day ( logr \ 

TT ^ = o ( 



/ 4p 

Ju 2 . 

'3.V 



W m m? 



£ „. 

m£S(l)\S, m 



4p 



E 



da 



w m m j 



m£E(l)\S, a ™ 



■A 



y 

^— ' (w m T + mia-i) 2 



da,- 



4 Pj (bj 



w m m j 



y 



/ 4^(6,-) 

4 " /" 

= ^-i| logN2 | 3 E^n / 



da, [] ^ 



where 



/■c 3 

b j = / Po( b o) 
Jo 



—5- + ° 

4 



w m m? 



V n-1 T 4 j ' 



dbj, 
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with cj = - , bj — dj/r, x.y — a,j>/r), and Pj{bj) is p replacing <Xj/a m by 

bj/(w m + m^bj) and replacing a,ji for j' ^ j by zero. Combining all these 
estimates, we have 

L«„„ mf "> " — wf + logT)) - 

We may take Ci )I7 = An for the proposition to hold. ■ 

6.2 the toroidal case 

With respect to the local Kahler metric uo p = uj + — dd log h„ and parametrizing 

function t on /7 P , we can similarly define W (p) = | ^j a . Let W = ^ M P W^j. 

pes 

9W also represents the Kodaira-Spencer deformation class. We have 
Proposition 6.2 There exists a constant C > independent oft such that 




Proof: Locally in each U®, we will use similar coordinate and proper ba- 
sis {Wj,Wj}" =1 as in the proof of proposition 14.51 Then the dual basis is 
/3j}™ =1 , where (3j = a,j — log \zj\ 2 for 1 < j < I and = dzi for 

I + 1 < j < n. Recall that O(l) denotes a smooth function on terms in (|4.1|l 
and other smooth bounded terms. (Notice that here we assume a m = log |s m | 2 , 
which is slightly different from 14.1fl and do not affect our arguments here. In 
this proof, we are using a,j to denote a mj and 0(aj/a m ) as a shorthand for 
0(aj/a m , l<j<n,meE g (l) \ S a ).) We will also use O(l) to denote a tensor 
with O(l) coefficients with respect to the proper and dual proper basis. It is 
easy to see that the action of the proper basis {Wj, Wj}J =1 will send O(l) to 
O(l), also dWj = 0(1). Under such notation, we have 

n 

9fk = S jk [ 1 + —0(1)) + a jak ( 4- ] + —0(1), for l<j,k<l. 

g fk = —0(1), g 3k = —0(1), for 1 < k < I and I + 1 < j < n. 
It is straightforward to derive that 
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/{t di ] - 



1 



= E E Wnml-^-pi + O 

3=lw€E t (l)\S„ m 

*|-E E 

i=lm 6 E,( 1 )\S. ^ V m/ 

^) = -E E 



Applying proposition l6.ll we can find C > independent of t such that 

/ \\Bw {q) \\lA l < — C 



log |t| 



The rest of the proof closely resemble the proof of lemma FTTl For any x G X t , 
there exist a q S X such that a; S A 4 n t/° . Since 

E^p = 1 ' E^p" ' 

pes peS 

We have 

dii p W {p) = ^ dfi p {W (p) - W (q) ). 
pes pes 

Since U° n supp(^ p ) = when D q <£_ D p according to l|2.3() . we may consider 
only those p 6 E satisfying D g C D p . As in the proof of lemma Fi~Tl for such 
p, q G E, we can naturally define E| n Eg. For any m G E£ \ Eg, (s m ) fl-D g = 0. 
Consequently, ||s m ||^ = 1 and a m — T] on C/ ? for m G E*J \ Eg. Hence 



W, 



(v) 



^§ (i) +0 (i) 



on supp(^p) n t/ g C Up n fTg . From the explicit expressions of fi p , it is straight- 
forward to check that dfi p = 0(1/ log r) with respect to the Hermitian metric 
Lot- Consequently 



u°nx t 



9^ P w {p) 

pes 



C 



r 3 logr J ua 



UJ, 
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2 



u°nx t 



J2 VpdW( p) 
pes 



n C 

w? < - 



u°nx t 



Combine these estimates for all a 6 q 6 £ applying to 

pes pes 

we will get the desired estimate. ■ 

Remark: It is not hard to observe that the constant Cj l)7 > in proposition 
16.11 is actually positive. With this observation and a bit more argument, one 
can show that the lower bound estimate in proposition 16.21 (more precisely the 
estimate in proposition ^ . 21 with the reversed inequality) is also true. Since such 
more precise estimates are not needed for arguments in this paper, we will omit 
them here. 



Proof of theorem 11.21 As pointed out in [3] 
d d 



9WP{ Jt'Jt 



x t 



x t 



"'1 



where H 



denote the harmonic representative of the Kodaira-Spencer de- 



formation class. As mentioned earlier, such class can also be represented by 

§W __ __ 

. Applying proposition 16.21 and theorem 15. 21 we have 



x t 



J E.t 



< 



9E,t 



X t 



dW 



9E,t 





dW 


L 


t 



(J? < 



c 



lloglilPli 



31+12 ' 
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